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It is generally difficult to study the dynamical properties of a quantum system with both inherent
quantum noises and non-perturbative nonlinearity. Due to the possibly drastic intensity increase of
an input coherent light in the gain-loss waveguide couplers with parity-time (PT ) symmetry, the
Kerr effect from a nonlinearity added into the systems can be greatly enhanced, and is expected
to create the macroscopic entangled states of the output light fields with huge photon numbers.
Meanwhile, the quantum noises also coexist with the amplification and dissipation of the light
fields. Under the interplay between the quantum noises and nonlinearity, the quantum dynamical
behaviors of the systems become rather complicated. However, the important quantum noise effects
have been mostly neglected in the previous studies about nonlinear PT -symmetric systems. Here
we present a solution to this non-perturbative quantum nonlinear problem, showing the real-time
evolution of the system observables. The enhanced Kerr nonlinearity is found to give rise to a
previously unknown decoherence effect that is irrelevant to the quantum noises, and imposes a
limit on the emergence of macroscopic nonclassicality. In contrast to what happen in the linear
systems, the quantum noises exert significant impact on the system dynamics, and can create the
nonclassical light field states in conjunction with the enhanced Kerr nonlinearity. This first study
on the noise involved quantum nonlinear dynamics of the coupled gain-loss waveguides can help to
better understand the quantum noise effects in the broad nonlinear systems.
I. INTRODUCTION
Originating from the uncertainty relation in quantum
mechanics, quantum noises are ubiquitous in open quan-
tum systems coupled to their environment. Those ac-
companying light dissipation are unavoidable in any re-
alistic quantum optical system [1], while the noise going
together with light amplification determines the quan-
tum limit of an amplifier [2]. These most commonly en-
countered quantum noises can be regarded as the ran-
dom drives from the associated external reservoirs in-
teracting with a quantum system, and they also fol-
low the law of quantum mechanics. The solvability of
linear Heisenberg-Langevin equations makes it possible
to describe the quantum noise effects in systems with
quadratic Hamiltonians, but the situations of nonlinear
quantum systems are much more complicated. In classi-
cal nonlinear systems, noises as the fluctuations of sys-
tem parameters or random external forces are known to
give rise to various interesting physical effects such as
stochastic resonance [3], noise-induced phase transition
[4] and phase synchronization [5], etc. However, the ef-
fects of quantum noises, especially those in the systems
with non-perturbative nonlinearity, remained to be un-
covered yet.
Open quantum systems with Kerr nonlinearity are
meaningful examples for studying quantum noise effects.
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Kerr nonlinearity is considered as a prerequisite for gen-
erating macroscopic photonic states [6] and operating de-
terministic quantum logic devices [7]. The Kerr coeffi-
cient in a natural material is typically small, though it
can be enhanced in coherently prepared atomic ensem-
bles [8] or Josephson junctions [9, 10]. The straightfor-
ward way to get a larger Kerr nonlinear effect on an input
light is to strengthen its intensity. Such seemingly trivial
practice of enhancing Kerr nonlinearity can lead to in-
teresting phenomena in a simple system as illustrated in
Fig. 1. Here two coupled waveguides are with the bal-
anced gain and loss rates, respectively. This model has
attracted intensive researches in recent years as it realizes
an optical analogue of parity-time (PT )-symmetric quan-
tum mechanics [11, 12], and some recent experiments
with similar systems [13–16] have demonstrated its in-
teresting light transmission properties. In such systems
the light intensity undergoes a drastic transition from pe-
riodic oscillation to exponential increase when they are
tuned into the regime of PT symmetry broken. If one of
the waveguides is also added with a weak Kerr nonlinear-
ity, one will see its significant influence on the light field
dynamics because its effects are greatly enhanced to the
non-perturbative ones in the symmetry broken regime.
In a Kerr medium without gain or loss, an input co-
herent light will evolve into a so-called Kerr state that
might manifest macroscopic nonclassicality (see, e.g. the
review articles [17, 18]), and its evolution to a photonic
Schro¨dinger cat state (the superposition of two coherent
states with the equal but opposite sign of amplitudes) of
a few photons has been demonstrated with a circuit QED
setup that realizes an effective strong Kerr nonlinearity
2FIG. 1: (color online) Setup. The light is amplified at the
rate κ in channel A, but damps at the same rate in channel
B. The two wave-guide modes couple at the rate J . The loss
channel also carries a Kerr nonlinearity with small coefficient
χ.
[19]. By making use of the above mentioned Kerr effect
enhancement from light amplification, two-mode macro-
scopic nonclassical states such as entangled states of light
fields, are expected to be generated. On the other hand,
the existing quantum noises with the gain and loss of the
light fields could destroy such nonclassicality as in other
quantum systems [20]. To clarify these possibilities, it
is necessary to find a complete solution to the system
dynamics including the noise effects.
The similar setups with the assumed strong nonlin-
earity [21–27] were theoretically studied in the context
of all-optical signal control such as non-reciprocal light
propagation, and other Kerr type classical nonlinear PT -
symmetric systems were also explored (see, e.g. [28–33]).
In addition to the above researches on the classical as-
pect of nonlinear PT -symmetric systems, the quantum
properties of some PT -symmetric nonlinear systems have
received attentions recently [34, 35]. However, except for
the noise-induced spontaneous photon generation in lin-
ear couplers [36] and their generalized structures [37],
little was known about the effects of the quantum noises
in these PT -symmetric nonlinear systems. An obvious
difficulty in approaching the dynamics of these systems
is the non-integrability of their dynamical equations in
the presence of the noise terms. Since the significant en-
hancement of Kerr effect is from the exponentially grow-
ing light intensity after breaking the PT symmetry, there
is no steady-state solution in the course of evolution to
the non-perturbative nonlinear regime. So far the lin-
earization of the dynamical equations around its steady-
state solutions or other mean values of the associated sys-
tem operators is the most commonly adopted approach
to a general quantum nonlinear system [38] (the beyond
linearization approach for finding the steady-state quasi-
probability function of a special nonlinear system can
be seen in [39]), but it is not workable for studying the
dynamical process in the systems. Generally, few ap-
proaches except for numerical simulation [40] have been
reported for dealing with the dynamics of a nonlinear
system in non-perturbative regime and under quantum
noise effects at the same time.
Here, we present a first solution to such challenging dy-
namical problem for a coherent light sent into the nonlin-
ear coupler in Fig. 1. A novel phenomenon found by our
approach is the decoherence of an input coherent light
going together with the Kerr nonlinearity enhancement
in the symmetry breaking regime, but it does not origi-
nate from the quantum noise effects as in other quantum
systems. On the other hand, the quantum noises signif-
icantly influence the dynamics of this nonlinear system,
deviating the system observable evolutions from those
predicted by the non-Hermitian effective Hamiltonian ne-
glecting the quantum noises. Moreover, analogous to
the synergic effects in the classical nonlinear systems [3–
5], the joint action of the quantum noises and enhanced
nonlinearity widens the regimes for the existence of the
macroscopic nonclassical states.
II. QUANTUM DYNAMICS OF COUPLED
GAIN-LOSS WAVEGUIDES
Under the full dynamics including the light field cou-
pling under the balanced gain and loss, as well as the
nonlinearity of the Kerr coefficient χ, the Heisenberg-
Langevin equations for the two waveguide modes in Fig.
1 (with the notation h¯ ≡ 1) read
i
d
dt
aˆ(t) = iκaˆ(t) + Jbˆ(t) + i
√
2κξˆ†a(t),
i
d
dt
bˆ(t) = −iκbˆ(t) + Jaˆ(t) + χbˆ†(t)bˆ(t)bˆ(t)
+ i
√
2κξˆb(t). (1)
Here the quantum noise ξˆ†a(ξˆb) coexisting with the light
field amplification (dissipation) at the rate κ also acts
on the waveguide mode coupling at the rate J with the
other one, and the noise operator satisfies the commuta-
tion relation [ξˆc(t), ξˆ
†
c(t
′)] = δ(t− t′) and the correlations
〈ξˆ†c(t)ξˆc(t′)〉 = 0, 〈ξˆc(t)ξˆ†c(t′)〉 = δ(t − t′) for c = a, b.
Note that the notation for the amplification noise here is
different from that in [1, 36], so that the correlations for
both amplification and dissipation noise can be written
in the unified forms. The input light we work with is
in the coherent state |α0〉, and initially enters the gain
channel without loss of generality. We assume |α0| ≫ 1
with an aim to create macroscopic nonclassical states,
but the product χ|α0|2 is small so that the Kerr effect is
still weak from the input.
The properties of the dynamical process in (1) can be
seen better from the attempted approaches to the prob-
lem by the standard methods. The similar equations were
discussed in a mean field approach which replaces the
mode operator aˆ (bˆ) with its expectation value α = 〈aˆ〉
(β = 〈bˆ〉) [21–33] and has the noise terms averaged out,
i.e.
i
d
dt
α(t) = iκα(t) + Jβ(t),
3i
d
dt
β(t) = −iκβ(t) + Jα(t) + χ|β(t)|2β(t). (2)
Though the similar nonlinear differential equations in
this mean field approach can be reduced to the solvable
ones (see, e.g. [21, 32]), the above dynamical equations
are not equivalent to the averaged quantum dynamical
equations from (1). Obviously the mean value 〈bˆ†bˆbˆ〉 is
not exactly equal to |β|2β, considering the quantum noise
effects such as spontaneous photon generation [36]. Be-
low we will also see other difference between the averages
〈bˆ†bˆ〉 and 〈bˆ†〉〈bˆ〉 for this quantum nonlinear system.
Another straightforward solution following the practice
of numerical simulation [40] gives the iterative forms of
the evolved modes
aˆ[n+ 1] =
( ∑
c=a,b
Ma,ccˆ[n] +
∑
β=ζ†a,ζb
Na,β βˆ[n]
)
δt,
bˆ[n+ 1] =
( ∑
c=a,b
Mb,ccˆ[n] +
∑
β=ζ†a,ζb
Nb,ββˆ[n]
)
δt
+ e−iχbˆ
†[n]bˆ[n]δtbˆ[n] (3)
at each step of evolution from nδt to (n+ 1)δt, in which
the matrix Mˆ is from the linear coupling of the waveg-
uide modes plus the amplification and dissipation of the
light fields, and the matrix Nˆ is due to the noise drives.
For this quantum system, however, the linear coupling
between the modes, as well as to the noises, and the ac-
tion of the Kerr nonlinearity are not commutative. The
above procedure of their independent actions is therefore
consistent with the real system evolution only in the limit
of infinite number of iterative steps (δt→ 0). The errors
from the non-commutativity of the linear and nonlinear
actions will accumulate for any finite δt.
One could also take an alternative route in the
Schro¨dinger picture. The commonly used tool is the
quantum master equation
ρ˙ = −i[J(aˆbˆ† + aˆ†bˆ) + 1
2
χ(bˆ†)2bˆ2, ρ] + Laρ+ Lbρ (4)
for the density matrix ρ of the system, where the super-
operator operation in the Lindblad form
Laρ = −κ(aˆaˆ†ρ+ ρaˆaˆ† − 2aˆ†ρaˆ) (5)
describes the amplification process, and the correspond-
ing one
Lbρ = −κ(bˆ†bˆρ+ ρbˆ†bˆ− 2bˆρbˆ†) (6)
is about the dissipation process. The analytical solu-
tions to the master equations with Kerr nonlinearity were
found only for the single mode situation thus far (see,
e.g. [41–43]). In Ref. [35], for example, the dynamics
described by a similar master equation is studied via a
conversion to that of the mean values of a few system
operators in the above mentioned mean field approach.
Moreover, because the master equation is obtained by
averaging out the noise-reservoir part in the momentary
dynamical evolution of a joint quantum state of the sys-
tem plus reservoirs (see Appendix A), it is difficult to see
the involved quantum noise effects as in the mean field
approach to the Heisenberg-Langevin equations.
III. TRANSITION FROM PERTURBATIVE TO
NON-PERTURBATIVE NONLINEAR
DYNAMICS
Our approach to this dynamical problem is based on
the observation of the following Kerr nonlinearity transi-
tion across the threshold of PT symmetry. One sees the
jump of the light intensity from the solution
(
Aˆ(t)
Bˆ(t)
)
=
( −ie−λt η1
J
oˆ1 + ie
λt η2
J
oˆ2
e−λtoˆ1 + eλtoˆ2
)
+
√
2κ
∫ t
0
dτ
( −ie−λ(t−τ) η1
J
nˆ1(τ) + ie
λ(t−τ) η2
J
nˆ2(τ)
e−λ(t−τ)nˆ1(τ) + eλ(t−τ)nˆ2(τ)
)
(7)
to (1) in the linear coupler limit with χ = 0,
where oˆ(nˆ)1 = i
J
η1+η2
aˆ(ξˆ†a) +
η2
η1+η2
bˆ(ξˆb) and oˆ(nˆ)2 =
−i J
η1+η2
aˆ(ξˆ†a) +
η1
η1+η2
bˆ(ξˆb) with η1(2) = ∓κ +
√
κ2 − J2
and λ =
√
κ2 − J2. The linear coupler mode Aˆ(Bˆ) oscil-
lates in the PT -symmetric regime of κ < J , but will ex-
ponentially grow if the symmetry is broken when κ > J .
Given a weak Kerr nonlinearity as in Fig. 1, such drastic
increase of the light intensity across the threshold κ = J
can greatly enhance its effects. Meanwhile, one noise
component in (7) also becomes much larger in the sym-
metry broken regime, contributing to a more significant
spontaneous photon generation.
Then we reformulate the process in Eq. (1) in term of
the stochastic Hamiltonian
HL(t) = J(aˆbˆ
† + aˆ†bˆ) + i
√
2κ{aˆ†ξˆ†a(t)− aˆξˆa(t)}
+ i
√
2κ{bˆ†ξˆb(t)− bˆξˆ†b (t)}, (8)
which does not commute with the additional Kerr non-
linear term HNL = 1/2χ(bˆ
†)2bˆ2. The construction of this
stochastic Hamiltonian is discussed in Appendix A. The
system evolves under the joint operation UL(t) as a time-
ordered exponential T e−i
∫
t
0
dτHL(τ) on both system and
reservoirs, together with a perturbation of HNL when its
effect is weak. Different from the last term involving the
dissipation noise in (8), a vacuum state will not be kept
invariant if acting the second term of the squeezing type
on it. This property explains the phenomenon of spon-
taneous photon generation. With this property an input
coherent state |α0〉a will not simply evolve to an ampli-
fied coherent state |eλtα0〉a in the limit of no waveguide
coupling (J → 0).
To solve the dynamics of the quantum nonlinear sys-
tem, we expand its evolution operator in terms of the
4perturbative Hamiltonian HNL as follows:
U(t) = T e−i
∫
t
0
dτ(HL+HNL)(τ)
= UL(t)
{
I − i
∫ t
0
ds1U
†
L(s1)HNLUL(s1)−
∫ t
0
ds1U
†
L(s1)
× HNLUL(s1)
∫ s1
0
ds2U
†
L(s2)HNLUL(s2) + · · ·
}
. (9)
The proof of this expansion is given in Appendix B. This
series expansion can also be written as a time-ordered
exponential T e−i
∫
t
0
dτU
†
L
(τ)HNLUL(τ) denoted as UNL(t).
Similar methods of factorizing the actions of different
Hamiltonians in other physical systems can be found in
[44–46]. As seen from (7), the transformed Hamiltonian
U †L(τ)HNLUL(τ) = 1/2χ(Bˆ
†(τ))2(Bˆ(τ))2 by the linear
action UL(τ) takes a transition between a perturbative
and a non-perturbative term across the threshold κ = J ,
thus reflecting the physics of the Kerr nonlinearity in the
system.
IV. SOLUTION TO DYNAMICALLY EVOLVED
WAVEGUIDE MODES
Using the infinite product form
∏
i e
−iU†
L
(ti)HNLUL(ti)δt
of the nonlinear action UNL(t), one will find the exact
forms of the evolved modes with Eq. (9) as follows:
U †(t)aˆU(t) = U †NL(t)Aˆ(t)UNL(t) = Aˆ(t)
− iχ
∫ t
0
dτcab(t, τ)U
†
NL(τ)Bˆ
†(τ)Bˆ(τ)Bˆ(τ)UNL(τ),
U †(t)bˆU(t) = U †NL(t)Bˆ(t)UNL(t) = Bˆ(t)
− iχ
∫ t
0
dτcbb(t, τ)U
†
NL(τ)Bˆ
†(τ)Bˆ(τ)Bˆ(τ)UNL(τ),
(10)
where cab(t, t
′) = [Aˆ(t), Bˆ†(t′)], cbb(t, t′) = [Bˆ(t), Bˆ†(t′)]
are the commutators of the linear coupler modes in (7).
The procedure to obtain these evolved modes is similar
to that in Eq. (C-4) of Appendix C. Iteratively applying
the transformation
U †NL(τ)Bˆ(τ)UNL(τ) = Bˆ(τ)
− iχ
∫ τ
0
dt′cbb(τ, t′)U
†
NL(t
′)Bˆ†(t′)Bˆ(t′)Bˆ(t′)UNL(t′)
(11)
in Eq. (10) leads to two series expansions of the folded
integrals to all orders of the Kerr coefficient χ. These gen-
eral forms of the evolved modes are valid in any regime
of the system parameters.
In the symmetry broken regime, the evolved modes can
be reduced to
U †(t)aˆU(t) = i
η2
J
T eiζ2χ
∫
t
0
dτBˆ†Bˆ(τ)
Bˆ(t)
+ i
η2
J
∞∑
n=1
(iζ2χ)
n
∫ t
0
dt1Bˆ
†Bˆ(t1)
∫ t1
0
dt2Bˆ
†Bˆ(t2) · · ·
×
∫ tn−1
0
dtnBˆ
†Bˆ(tn)νˆ(t, tn),
U †(t)bˆU(t) = T eiζ2χ
∫
t
0
dτBˆ†Bˆ(τ)
Bˆ(t)
+
∞∑
n=1
(iζ2χ)
n
∫ t
0
dt1Bˆ
†Bˆ(t1)
∫ t1
0
dt2Bˆ
†Bˆ(t2) · · ·
×
∫ tn−1
0
dtnBˆ
†Bˆ(tn)νˆ(t, tn), (12)
where νˆ(t, tn) =
√
2κ
∫ tn
t
dτeλ(t−τ)nˆ2(τ) is a noise opera-
tor. The derivation of the result is given in Appendix C.
The coefficient ζ2 =
κ
λ
η21−J2
(η1+η2)2
is purely due to the quan-
tum noise operator nˆ2 in (7), which includes both am-
plification and dissipation noise. The reservoir degrees
of freedom are therefore crucial to the evolved waveg-
uide modes. Another interesting feature of this non-
perturbative solution is that the mode U †(t)aˆU(t) out of
the gain channel happens to be iη2/J times of the mode
U †(t)bˆU(t) out of the loss channel, due to the forms of
the evolved linear coupler modes in Eq. (7).
To illustrate the quantum dynamics of the system, one
should find the expectation values of the quantum op-
erators evolving under the full dynamics including the
quantum noise effects. For our input in the continuous-
variable (CV) state ρin = |α0〉a〈α0|, a suitable oper-
ator that coveys much information is the quadrature
Xˆc(φ) = 1/2(cˆe
−iφ + cˆ†eiφ) of the evolving field modes
cˆ(t) = aˆ(t) and bˆ(t). Going back to the Schro¨dinger pic-
ture, the non-zero expectation of a quadrature means the
existence of the quantum coherence from the superposi-
tion of the Fock basis, i.e. the presence of the off-diagonal
elements |n〉〈n+1| and |n+1〉〈n| (n ≥ 0) of the evolved
density matrix. We apply the mean quadrature values
in the different direction φ to test if the initial coherent
state could evolve to a less coherent one. In finding its
expectation value 〈Xˆc(φ)〉 we need to average over both
system and reservoir degrees of freedom. It can be done
by first tracing out the reservoir part as in the following
procedure:
〈bˆ(t)〉 = TrS,R
{
U †(t)bˆU(t)× |α0〉a〈α0| ⊗ ρR
}
= a
〈
α0
∣∣eiζ2χ∫ t0 dτ{e2λτ oˆ†2oˆ2+σ(τ)}eλtoˆ2∣∣α0〉a
+ a
〈
α0
∣∣eiζ2χ∫ t0 dt′{e2λt′ oˆ†2oˆ2+σ(t′)}iζ2χ
∫ t
0
dτσ(τ)
× eiζ1ζ2χ
∫
τ
0
e2λt
′
dt′
eλtoˆ2
∣∣α0〉a
≡ EB0(t) + EB1(t), (13)
where
σ(τ) =
κ
λ
(
J
η1 + η2
)2(e2λτ − 1), (14)
5and ζ1 = [oˆ2, oˆ
†
2] =
η21+J
2
(η1+η2)2
. We use Wick’s theorem to
obtain the result in (13). The function σ(t) in the phase
factor of the first averageEB0(t) is obtained by averaging
over the noise operators inside the non-Abelian phase fac-
tor T eiζ2χ
∫
t
0
dτBˆ†Bˆ(τ)
in (12) over the reservoir state ρR.
The operator inside this non-Abelian phase factor be-
comes commutative at the different time after averaging
out the noise part, and then it is reduced to an ordinary
exponential. The integral in the second term EB1(t) is
found by averaging the noise part in the operator Bˆ(t)
on the right side of (12) with its counterpart in the above
mention phase operator. The terms containing the noise
operator νˆ(t, tn) in (12) make negligible contribution to
the expectation value given a strong input beam.
As a comparison, we also consider the waveguide mode
evolution under the effective Hamiltonian HPT + HNL
without quantum noises. Here the non-Hermitian PT -
symmetric Hamiltonian
HPT = iκaˆ
†aˆ− iκbˆ†bˆ+ J(aˆbˆ† + aˆ†bˆ) (15)
for the linear part takes the real eigenvalues when κ < J ;
hence the regime of the PT symmetry under this con-
dition. The quantum dynamical properties of this non-
Hermitian Hamiltonian of linear system have been re-
cently discussed in [47, 48]. Following the same factor-
ization technique in Eq. (9) for the symmetry broken
regime with κ > J , one will find the evolved waveguide
modes
U−1eff (t)aˆUeff (t) = i
η2
J
e
−iζ1χ
∫
t
0
dτe2λτ Bˆ
†
0
Bˆ0(τ)Bˆ0(t)
U−1eff (t)bˆUeff (t) = e
−iζ1χ
∫
t
0
dτe2λτ Bˆ
†
0
Bˆ0(τ)Bˆ0(t), (16)
under the action Ueff (t) = T e−i
∫
t
0
dτ(HPT+HNL) (see
Appendix D), where the operator Bˆ0 differs from the
linear coupler mode operator Bˆ in (7) by neglecting its
noise component. The corresponding expectation value
after neglecting the quantum noise drives for the dynam-
ical process in Eq. (1) then becomes
〈bˆ(t)〉 = a〈α0|e−iζ1χ
∫
t
0
dτe4λτ oˆ
†
2
oˆ2eλtoˆ2|α0〉a. (17)
Its difference from the complete quantum expectation
value in Eq. (13) indicates the nontrivial role of the noises
to the system dynamics.
V. KERR NONLINEARITY ENHANCEMENT
AND QUANTUM NOISE EFFECTS
Though it is conceivable that the PT symmetry break-
ing will enhance the Kerr effect with the much amplified
light intensity, how it works in the system is a main is-
sue we should clarify. For this purpose we illustrate the
change ratio ∆|〈Xˆb(π2 )〉|/|〈Xˆ0b (π2 )〉|, where ∆|〈Xˆb(π2 )〉|
is the absolute difference between the mean quadrature
FIG. 2: (color online) Kerr nonlinearity induced change of
a mean quadrature in the PT -symmetric regime. The un-
marked vertical axis of the plot is the dimensionless ratio
∆|〈Xˆb(
pi
2
)〉|/|〈Xˆ0b (
pi
2
)〉| defined in the text, and its distribu-
tion is over the time and in the parameter space. Here we
use the quadratic mean of 〈Xˆ0b (
pi
2
)〉 over an oscillation period
to avoid the singularities from its vanishing values, and the
corrections are calculated to the first order of the Kerr coef-
ficient χ in Eq. (10). The system parameters are χ = 10−9κ
and α0 = 10
3.
〈Xˆb(π2 )〉 under the Kerr effect and 〈Xˆ0b (π2 )〉 without the
Kerr nonlinearity (χ = 0). In the PT -symmetric regime
of κ < J , the correction to the average quadrature due
to the Kerr nonlinearity can be found by the perturba-
tive expansion according to (10); see Fig. 2. With Eq.
(12) we can also obtain the corresponding ratios in the
symmetry broken regime. The light field is magnified
with the factor eλt = e
√
κ2−J2t in the symmetry broken
regime, so it would take a longer time at a larger J to
have a considerable change of the mean quadrature by
the Kerr nonlinearity. However, the higher coupling rate
J enables more light to enter the channel filled with the
Kerr medium, making its effect larger. These tendencies
combined give rise to the illustrated change ratio distri-
bution in the upper panels of Fig. 3. Surprisingly, there
will appear a unit ratio platform (see the upper right
panel of Fig. 3), on which the mean quadrature 〈Xˆb(π2 )〉
is totally eliminated after a seemingly irregular evolution
period. As a contrast, the mean quadrature 〈Xˆ(φ)〉 of the
input coherent state can never vanish for arbitrary φ. A
decoherence process thus occurs during the time evolu-
tion of an input coherent light. One question is whether
it is connected with the quantum noise effects boosted in
the symmetry broken regime?
To analyze the PT symmetry broken regime more
thoroughly, we cut across one point on the axis J/κ of
Fig. 3 to see the evolution of four mean quadratures in
Fig. 4. The dashed curves in the figure describe the linear
coupler situation [36], in which the quantum noises do not
affect the mean quadrature evolutions at all. There is a
pretty symmetry between the mean quadrature evolution
in the gain and loss channel, due to the proportionality
of the evolved modes in (12). During the beginning pe-
riod their time evolutions show no difference from those
without the Kerr nonlinearity. In addition to deviating
these mean quadratures from those of a linear coupler,
6FIG. 3: (color online) Change of a mean quadrature under the
enhanced Kerr nonlinearity in the symmetry broken regime.
The unmarked vertical axis of the plots is the dimensionless
ratio ∆|〈Xˆb(
pi
2
)〉|/|〈Xˆ0b (
pi
2
)〉| defined in the text. The upper
panels, one as the front view along the time axis and the other
as the corresponding back view, are about the realistic situa-
tion under the quantum noise effects. The lower ones describe
the situation under the “noiseless” non-Hermitian Hamilto-
nian (15) together with the Kerr nonlinear action. The plat-
forms of the unit ratio indicate where the mean quadrature
disappears due to decoherence. The quantum noises cause the
considerable delay of the Kerr nonlinearity enhancement and
its consequent decoherence, as compared with the evolution
under the non-Hermitian Hamiltonian without noise. Here we
take the Kerr coefficient and input coherent state amplitude
in Fig. 2.
the gradually enhanced nonlinear action brings an oscil-
lation pattern to their evolutions and, interestingly, the
oscillation becomes exponentially fast with time. The
seemingly irregular areas of the change ratio distribu-
tion in Fig. 3 are where such exponentially accelerating
oscillation exists. We can track down its cause in Eq.
(13). The terms in this equation are proportional to the
factor a〈α0|eiζ2χ
∫
t
0
dτe2λτ oˆ
†
2
oˆ2 |α0〉a, which is actually the
overlap between the input state |α0〉a|0〉b and the prod-
uct e
iζ2χ
∫
t
0
dτe2λτ oˆ
†
2
oˆ2 |α0〉a|0〉b = |β1(t)〉a|β2(t)〉b of two
transformed coherent states. Under the broken PT sym-
metry giving a real number λ, the operator-valued phase
factor before the input state oscillates at exponentially
increasing frequency with time, hence the same behavior
of the overlap.
The overlap 〈β1(t), β2(t)|α0, 0〉 defined in the above
tends to zero with its exponentially accelerating oscil-
lation, leading to the decoherence indicated by the van-
FIG. 4: (color online) Time evolution of the mean quadra-
tures. Here we use the notations Xˆc(0) = XˆC and Xˆc(
pi
2
) =
PˆC , for C = A (the gain channel) or B (the loss channel). The
solid curves represent the average quadrature values given the
Kerr nonlinearity of χ = 10−9κ, and the dashed curves stand
for those of the linear coupler with χ = 0. The evolutions
take place at J = 0.1κ for the coherent light of α0 = 10
3. In
(d) a refined view of the exponentially accelerating oscillation
is shown in the inserted plot. Due to our choice of initially
sending the light into the gain channel, the dashed curves
coincide with the horizontal axis in (b) and (c).
ishing mean quadratures. This happens because such os-
cillation from the continually enhanced nonlinear action
will instantaneously repeat any close to zero value in the
limit of its vanishing oscillation period, and the expec-
tation values 〈aˆ〉 and 〈bˆ〉 will be killed eventually, hence
the nonequivalence of the averaged quantum dynamical
equations from Eq. (1) with the classical dynamical equa-
tions in Eq. (2). The mean field approach based on the
assumption 〈bˆ†bˆ〉 = 〈bˆ†〉〈bˆ〉 in Eq. (2) has been used
to study the classical aspect (such as light transmission)
of the similar nonlinear couplers [21–27]. The decoher-
ence phenomenon we have illustrated is irrelevant to the
quantum noises, as it also exists in the simplified situa-
tion without quantum noise; see the lower panels of Fig.
3. The unit ratio platform in the distribution based on
the “noiseless” expectation value in (17) comes into being
earlier than those under the noise effects. Due to such de-
coherence, the light field state of an input coherent state
evolving in the symmetry broken regime is very different
from a Kerr state [17] generated under a constant Kerr
nonlinearity. The coherence of a Kerr state exhibited by
its mean quadrature 〈Xˆ(φ)〉 6= 0 with arbitrary φ revives
periodically, but an input coherent light will eventually
evolve to a decohered one in our concerned nonlinear cou-
pler.
In such open quantum system the noise components
will inevitably enter the evolved light field modes as in
Eqs. (10) and (12), so some of the system observables
can gain the extra contributions from the averages of
the involved amplification noise operators over their as-
sociated reservoir state. One effect manifested by the
7evolved photon number operators like this is the sponta-
neous photon generation, which destroys the nonclassi-
cality of quantum light sent into a linear coupler [36] but
is negligible to our system of strong light fields. For this
nonlinear coupler, the system mode operators also gain
the extra contributions from the noises, which take the
form of the second term EB1(t) in Eq. (13). However,
the decoherence from the exponentially accelerating os-
cillation suppresses their effects when their magnitudes
become comparable with the main term EB0(t); see Fig.
5. The nontrivial way that the quantum noises affect
the system dynamics is through their interplay with the
gradually enhanced Kerr nonlinearity. In each small step
of evolution like that with δt→ 0 in (3), the noise compo-
nents enter the phase induced by the nonlinearity, while
the nonlinear term containing the noise contribution sig-
nificantly modifies the evolution from that of a linear
coupler. As it is manifested by comparing the “noisy”
and “noiseless” change ratio distributions in Fig. 3, the
result is that the quantum noises significantly contribute
FIG. 5: (color online) Measure of the influence from quantum
noise correction on the expectation value of an evolved waveg-
uide mode. The unmarked vertical axis of the plots is the
dimensionless quantity
∣∣EB1(t)/EB0(t) · 〈β1(t), β2(t)|α0, 0〉∣∣,
which combines the relative intensity of EB1(t) in Eq. (13)
and the decoherence effect from the exponentially accelerating
oscillation. The upper frame is obtained with the Kerr coef-
ficient χ = 10−9κ, and lower one is found with χ = 10−5κ.
A higher Kerr coefficient does not substantially enhance the
effects from the additional term EB1(t). The amplitude of
the input coherent state is taken as α0 = 10
3.
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FIG. 6: (color online) Quantum noise induced deviation in a
mean quadrature evolution. The thicker (purple) curves stand
for the mean quadrature Xˆb(
pi
2
) = PˆB under the noise effects,
and the thinner (blue) ones are those evolving according to
the non-Hermitian Hamiltonian in (15) and Kerr nonlinear
action. The plots in (a) are found with J = 0.3κ. Those in
(b) are obtained with J = 0.9κ. The inserted plot in both
(a) and (b) shows a longer time realistic evolution under the
noise effects. The Kerr coefficient and input coherent state
amplitude are the same as in the previous figures.
to the main term EB0(t) of the expectation values for
the evolved waveguide modes, making them totally dif-
ferent from those predicted with the effective Hamilto-
nian (15) and the Kerr nonlinear term HNL. Includ-
ing the quantum noise effects in the nonlinear coupler,
therefore, does not simply add slight modifications to
its quantum features. For example, Fig. 6 shows that
the quantum noises substantially slow down the change
of a mean quadrature by the enhanced Kerr nonlinear-
ity, as compared with that under the system dynamics
of the non-Hermitian Hamiltonian excluding the quan-
tum noises. On the other hand, the spontaneous photon
generation (independent of the input coherent state am-
plitude α0) and other corrections to the photon numbers
are insignificant in our concerned situation of a strong
input coherent beam. Accordingly the light intensities
proportional to the photon numbers 〈aˆ†aˆ〉 and 〈bˆ†bˆ〉, in
which the nonlinearity induced phase is canceled for the
main terms, have no considerable difference from those
predicted with the effective non-Hermitian Hamiltonian.
8VI. LIGHT FIELD ENTANGLEMENT AND
NONCLASSICALITY
An application of the nonlinear coupler illustrated in
Fig. 1 is to generate the macroscopic nonclassical states
of strong light fields, since the Kerr effect can be greatly
enhanced after breaking the PT symmetry. One should
know the proper regimes for the existence of the nonclas-
sicality such as light field entanglement. Meanwhile it is
necessary clarify how the noise effects accompanying light
amplification and dissipation will affect the macroscopic
nonclassicality. Here we apply the entanglement criterion
for CV quantum states in [49, 50] to find these regimes.
In this problem, the criterion based on the negativity of
the partially transposed density matrix of this two-mode
system can be formulated in terms of the negativity of
the third-order moment determinant
〈aˆ†aˆ〉〈bˆ†bˆ〉D3 = 〈aˆ†aˆ〉〈bˆ†bˆ〉+ 〈aˆ〉〈bˆ〉〈aˆ†bˆ†〉+ 〈aˆ†〉〈bˆ†〉〈aˆbˆ〉
− 〈aˆ†〉〈aˆ〉〈bˆ†bˆ〉 − 〈bˆ†〉〈bˆ〉〈aˆ†aˆ〉 − 〈aˆ†bˆ†〉〈aˆbˆ〉,
(18)
which is normalized with respect to the product of output
photon numbers. Under the full dynamics including the
quantum noise effects, the different terms in the above
equation are found by averaging the evolved operators
over both system and reservoir degrees of freedom. Here
we present the evolution of the quantity D3 for both sit-
uations with and without quantum noises in Fig. 7. In
both situations the negativity of D3 mainly comes from
the difference between the real part of 〈aˆ〉〈bˆ〉〈aˆ†bˆ†〉 [due
to the second and third term in (18)] and the absolute
value 〈aˆ†〉〈aˆ〉〈bˆ†bˆ〉 or 〈bˆ†〉〈bˆ〉〈aˆ†aˆ〉, which appears in the
progress of enhancing the Kerr nonlinearity. Inside the
proper regime the realized macroscopic entangled states
can have more than 1014 photons in the example of Fig.
4. Thanks to the proportionality between the evolved
modes in (12), the negativity of D3 happens to be the
necessary and sufficient condition for the general non-
classicality of the evolved light field states, when their
P functions fail to be classical probability distributions
[51]. The macroscopic nonclassical states can be used to
generate other types of entanglement by coupling them
with different photonic states via a beam-splitter [52, 53].
Due to the decoherence mechanism we have discussed be-
fore, all terms except for the photon numbers in (18) will
be killed with time, leaving the increase of the photon
numbers 〈aˆ†aˆ〉 and 〈bˆ†bˆ〉 to be the single process in the
end.
As seen from Fig. 7, the regimes for realizing the
nonclassical states are more extended under the effects
of the quantum noises. This is very different from the
phenomena of destroying the nonclassicality by quan-
tum noises in other systems (see, e.g. [20]). The non-
classicality occurs with the enhanced Kerr nonlinear-
ity, which will finally lead to a decoherence. Like the
other nonlinearity determined features, the meaningful
regimes for generating the nonclassical states are also
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FIG. 7: (color online) Emergence of the entanglement and
nonclassical states. The negative values of D3 indicate the
entanglement of the output fields and their general nonclas-
sicality. (a) and (b) show the quantity evolution under the
full dynamics including the quantum noise effects. The sys-
tem parameters are taken as J = 0.1κ in (a) and J = 0.9κ in
(b), respectively. (c) illustrates the corresponding evolution
to (a), but is due to the non-Hermitian Hamiltonian (15) plus
the nonlinear Hamiltonian HNL without quantum noise. (d)
is the corresponding situation for (b) without the quantum
noise effects as well. The plot in (b) shows that the nonclassi-
cal regime can be realized with an amplification rate eλt ∼ 10.
All other parameters are the same as in Fig. 4.
characterized by the expectation value of the nonlin-
earity induced phase factor; a〈α0|eiζ2χ
∫
t
0
dτe2λτ oˆ
†
2
oˆ2 |α0〉a
for the realistic situation under the noise effects, and
a〈α0|e−iζ1χ
∫
t
0
dτe4λτ oˆ
†
2
oˆ2 |α0〉a for the simplified situation
determined by the non-Hermitian effective Hamiltonian.
The nonlinearity induced phase in the former situation
can not exist without the quantum noises, since it is
proportional to the coefficient ζ2 originating from the
noise action. The nonclassical states of the output fields
are therefore effectively created by the joint action of
the quantum noises and enhanced nonlinearity. Two ef-
fects, the enhanced nonlinearity and the accompanying
decoherence, indicated by these expectation values of the
phase factors are crucial to the generation of the macro-
scopic nonclassicality. The nonclassical states exist in
where the Kerr nonlinearity is sufficiently large but the
decoherence has not been significant. By slowing down
the pace toward the decoherence consequent to the Kerr
nonlinearity enahncement, the quantum noises help to
achieve a wider time window for the existence of the non-
classical states. This phenomenon is similar to the syner-
gic effects of noise and nonlinearity in classical systems.
A typically analogous example is stochastic resonance [3],
the phenomenon that input classical noises help to im-
prove output signal to noise ratios. Such effect of the
quantum noises can be controlled by the parameter J/κ.
With a parameter J/κ chosen as that in Fig. 7(b), it
is possible to reach the regime of the nonclassical states
with a moderate amplification rate eλt.
9VII. DISCUSSION
We have found the solution to the dynamical problem
about a coherent light evolving in the nonlinear coupler
in Fig. 1, focusing on the effects from the enhanced Kerr
nonlinearity, as well as the inherent quantum noises. By
appearance the enhancement of Kerr nonlinearity due to
much strengthened light intensity in the symmetry bro-
ken regime is a rather straightforward result. When it
comes to its quantum properties, however, the system
exhibits rich and unexpected phenomena related to this
Kerr nonlinearity enhancement. The coexistence of field
coupling plus amplification and dissipation, nonlinearity,
as well as quantum noises, makes this simple system a
unique platform for studying complicated quantum dy-
namics. These factors build up the highly symmetric
and unusual evolution of the mean quadratures of the
waveguide modes. Instead of originating from the quan-
tum noises, the decoherence of an input coherent light
is caused by the enhanced Kerr nonlinearity itself. The
regimes for the macroscopic entanglement of light fields
are found to exist in where the Kerr nonlinearity is en-
hanced but has not reached the degree of giving rise to
the decoherence. Such decoherence determines the final
state of an input coherent light.
In this work we adopt a single-mode description for
the light fields, so that the form of dynamical equations
Eq. (1) should correspond to the mean field format Eq.
(2) used among the literature. The real light fields in
waveguides are multi-mode. The multi-mode nature of
light fields gives rise to important effects on the evolved
light field quantum states out of Kerr nonlinearity [54–
61]. However, the effects we consider here are measured
with the relevant expectation values, and are not directly
connected with the evolved quantum states. We work
in the Heisenberg picture to find the expectation values
from the input light field state. The qualitative picture
of the interplay between the enhanced nonlinearity and
quantum noises will not be changed with a multi-mode
description for the light fields; see Appendix E. The es-
sential features in the process involving these physical ele-
ments can be well captured by the single-mode dynamical
equations, so the evolution of single modes of waveguides
is sufficient for illustrating the concerned phenomena.
We also assume a constant amplification rate κ in the
discussions. When the light intensity becomes sufficiently
large, especially in the symmetry broken regime, the am-
plification rate will be lowered to κ/(1+I/Is), where I is
proportional to 〈aˆ†aˆ〉 and Is is the saturation intensity.
The influence of such amplification saturation on cou-
pled gain-loss cavities under external driving field has
been experimentally demonstrated [16]. In our system it
will modify the dynamical equation of the gain channel
mode in Eqs. (1) and (2). PT symmetric regime will
no longer exist under its effect, and the reduced ampli-
fication compared with the unchanged dissipation makes
the system of coupled waveguide modes tend to a steady
state of vanishing observables. With the constantly equal
amplification and dissipation rate, the linear part of the
system exhibits a clear-cut “phase transition” between
oscillating and exponentially growing waveguide modes
across the threshold κ = J , so it is more meaningful and
transparent to illustrate how the action of an added tiny
nonlinearity should change in this situation of the bal-
anced gain and loss. Given a sufficiently large saturation
intensity Is, the obviously different system observables
from our illustrations are expected only after the evolu-
tion of light fields in the symmetry broken regime for a
considerable period of time.
The most important finding of the study is about the
effects of the quantum noises in the PT symmetry broken
regime, where the coupler is a typical quantum system
with non-perturbative nonlinearity. Quantum systems
with both non-perturbative nonlinearity and noises were
generally difficult to deal with by the standard methods.
The approach presented here makes it feasible to find
the physical observables of the related intricate systems
with both nonlinearity and quantum noises, when there
is also no steady-state solution for the dynamical pro-
cesses. Instead of perturbatively modifying the results
predicted by the non-Hermitian effective Hamiltonian,
the quantum noises substantially influence the dynam-
ics of the nonlinear coupler. Another interesting phe-
nomenon involving the quantum noises is their creation
of the nonclassical output states when they act together
with the enhanced nonlinearity. The regime for the non-
classical states is also larger than the prediction with the
“noiseless” non-Hermitian Hamiltonian, as the quantum
noises slow down the decoherence growing with the Kerr
nonlinearity enhancement. This is analogous to various
synergic phenomena involving classical noises in nonlin-
ear systems. In stark contrast to the physics of classical
noises that has been well explored in classical nonlinear
systems, the research on quantum noises in the systems
with non-perturbative nonlinearity is only at the begin-
ning stage. The current work may stimulate the devel-
opment in this direction.
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Appendix A: Properties of the stochastic
Hamiltonian
First, we gives a brief explanation of the construction
of the stochastic Hamiltonian in Eq. (8) of the main text.
The reservoir for the dissipation of light is modeled as an
ensemble of oscillators with the positive energy, and that
for the light amplification is, however, an ensemble of os-
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cillators with the negative energy [1]. The reservoirs are
in the vacuum states at the assumed zero temperature.
With respect to the self oscillation Hamiltonian H0 =
ωaaˆ
†aˆ + ωbbˆ†bˆ of the waveguide modes and that of the
reservoirs HR = −
∫
dωωξˆ†a(ω)ξˆa(ω) +
∫
dωωξˆ†b(ω)ξˆb(ω),
the general coupling Hamiltonian between the system
and reservoirs takes the form
Hint = i
∫ ∞
−∞
dωγ1(ω)
(
ξˆa(ω)e
iωt + ξˆ†a(ω)e
−iωt)
× (aˆ†eiωat − aˆe−iωat)
+ i
∫ ∞
−∞
dωγ2(ω)
(
ξˆb(ω)e
−iωt + ξˆ†b (ω)e
iωt
)
× (bˆ†eiωbt − bˆe−iωbt) (A-1)
in the interaction picture. Taking the substitution γ1(ω),
γ2(ω) →
√
2κ/(2pi) of the system-reservoir couplings in
our concerned situation of the balanced gain and loss, and
applying the rotation wave approximation (RWA) that
neglects the fast oscillating terms in the above equation,
the coupling Hamiltonian can be rewritten as
Hint = i
√
2κ{aˆ†ξˆ†a(t)− aˆξˆa(t)}
+ i
√
2κ{bˆ†ξˆb(t)− bˆξˆ†b (t)}, (A-2)
where
ξˆa(t) =
1√
2pi
∫ ∞
−∞
dωξˆa(ω)e
i(ω−ωa)t,
ξˆb(t) =
1√
2pi
∫ ∞
−∞
dωξˆb(ω)e
−i(ω−ωb)t.
Corresponding to the correlation relations
〈ξˆ†c(t)ξˆc(t′)〉 = 0, 〈ξˆc(t)ξˆ†c(t′)〉 = δ(t− t′)
for the noise operators with c = a and b, there are the
Ito’s rules (
dWˆi(t)
)2
=
(
dWˆ †i (t)
)2
= 0,
dWˆi(t)dWˆ
†
j (t) = δijdt,
dWˆ †i (t)dWˆj(t) = dWˆ
†
i (t)dWˆi(t) = 0 (A-3)
for the defined stochastic operator Wˆi(t) =
∫ t
0 dτ ξˆi(τ).
Using the notation HS = J(aˆbˆ
† + aˆ†bˆ) + 1/2χ(bˆ†)2bˆ2 for
the system Hamiltonian of the nonlinear coupler, one will
have the increment of the waveguide mode operators un-
der the joint action U(t+ dt, t) = e−i{HL(t)+HNL}dt as
dcˆ(t) = U †(t+ dt, t)cˆ(t)U(t+ dt, t)− cˆ(t)
= i[HS , cˆ]dt−
√
2κ[aˆ†dWˆ †a (t)− aˆdWˆa(t), cˆ]
−
√
2κ[bˆ†dWˆb(t)− bˆdWˆ †b (t), cˆ]
+ κ(2aˆcˆaˆ† − cˆaˆaˆ† − aˆaˆ†cˆ)dt
+ κ(2bˆ†cˆbˆ− cˆbˆ†bˆ− bˆ†bˆcˆ)dt, (A-4)
where the small element U(t + dt, t) of the joint action
defined in Eq. (9) of the main text is expanded to the
second order, and the Ito’s rules in (A-3) are applied to
the involved stochastic operators. It is straightforward
to obtain the system dynamical equations in Eq. (1)
of the main text, after substituting the waveguide mode
operator cˆ = aˆ or bˆ into the above equation.
In the Schro¨dinger picture, the increment from the ac-
tion U(t + dt, t) on a joint state ρˆ(t) of the system plus
reservoirs is as follows:
dρˆ(t) = U(t+ dt, t)ρˆ(t)U †(t+ dt, t)− ρˆ(t)
= −i{(HC +HNL)ρˆ(t)− ρˆ(t)(H†C +HNL)}dt
+ 2κ
{
dWˆ †a (t)aˆ
†ρˆ(t)aˆdWˆa(t) + dWˆ
†
b (t)bˆρˆ(t)bˆ
†dWˆb(t)
}
+
√
2κ
{
dWˆ †a aˆ
†ρˆ(t) + ρˆ(t)dWˆaaˆ
}
+
√
2κ
{
dWˆ †b bˆρˆ(t) + ρˆ(t)dWˆbbˆ
†}, (A-5)
where the effective Hamiltonian for the linear part is
HC = −iκaˆaˆ† − iκbˆ†bˆ + J(aˆbˆ† + aˆ†bˆ). (A-6)
Tracing out the reservoir degrees of freedom in this equa-
tion, while considering the Ito’s rules in (A-3), one will
obtain the quantum master equation [Eq. (4) in the main
text] about the reduced density matrix ρ(t) = TrRρˆ(t) of
the system.
Appendix B: Expansion of the nonlinear action
The joint evolution operator U(t) as the time-ordered
exponential T e−i
∫
t
0
dτ(HL+HNL)(τ) for the nonlinear cou-
pler satisfies the following differential equation
dU(t)
dt
= −i(HL(t) +HNL)U(t), (B-1)
with the initial condition U(0) = I, the unit operator.
On the other hand, the process UL(t) solely under the
first linear Hamiltonian HL is the solution of the differ-
ential equation
dUL(t)
dt
= −iHL(t)UL(t) (B-2)
with the same initial condition. Two variations of these
equations are the quantum stochastic differential equa-
tions (QSDE) in Stratonovich and Ito form [1]. We con-
sider the following differential
d
dt
{
U †L(t)U(t)
}
= iU †L(t)HL(t)U(t) + U
†
L(t)(−iHL(t)− iHNL)U(t)
= −iU †L(t)HNLU(t). (B-3)
The integral of the above equation from 0 to t gives
U(t) = UL(t)
(
I − i
∫ t
0
ds1U
†
L(s1)HNLU(s1)
)
. (B-4)
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Substituting the same expression for the operator U(s1)
into the above leads to the second order formula
U(t) = UL(t)
(
I + (−i)
∫ t
0
ds1U
†
L(s1)HNLUL(s1)
−
∫ t
0
ds1U
†
L(s1)HNLUL(s1)
∫ s1
0
ds2U
†
L(s2)HNLU(s2)
)
.
(B-5)
Iteratively applying the above procedure in the above
equation, one will obtain the expansion in Eq.
(9) of the main text. In the symmetry broken
regime where the transformed Hamiltonian H ′NL(t) =
1/2χ(Bˆ†(t))2(Bˆ(t))2 becomes non-perturbative, each
term in the expansion should be well taken into account
for the dynamical process.
Appendix C: Non-perturbative solution in the
symmetry broken regime
Eq. (9) in the main text enables one to find the evolved
mode operators. The first step is with the linear action
UL(t) to get
U †L(t)aˆUL(t) = Aˆ(t) = −ie−λt
η1
J
(i
J
η1 + η2
aˆ+
η2
η1 + η2
bˆ) + ieλt
η2
J
(−i J
η1 + η2
aˆ+
η1
η1 + η2
bˆ)
+
√
2κ
∫ t
0
dτ
( − ie−λ(t−τ) η1
J
(
i
J
η1 + η2
ξˆ†a(τ) +
η2
η1 + η2
ξˆb(τ)
)
+ ieλ(t−τ)
η2
J
(− i J
η1 + η2
ξˆ†a(τ) +
η1
η1 + η2
ξˆb(τ)
)
,
U †L(t)bˆUL(t) = Bˆ(t) = e
−λt(i
J
η1 + η2
aˆ+
η2
η1 + η2
bˆ) + eλt (−i J
η1 + η2
aˆ+
η1
η1 + η2
bˆ)︸ ︷︷ ︸
oˆ2
+
√
2κ
∫ t
0
dτ
(
e−λ(t−τ)
(
i
J
η1 + η2
ξˆ†a(τ) +
η2
η1 + η2
ξˆb(τ)
)
+
√
2κ
∫ t
0
dτeλ(t−τ)
(− i J
η1 + η2
ξˆ†a(τ) +
η1
η1 + η2
ξˆb(τ)
)
︸ ︷︷ ︸
nˆ(t)
,
(C-1)
where η1(2) = ∓κ +
√
κ2 − J2 and λ = √κ2 − J2. In
dealing with the noise operators we have applied the Ito’s
rules in (A-3).
The next step is the nonlinear action UNL(t) =
T e−i
∫
t
0
dτU
†
L
(τ)HNLUL(τ). Before we apply the action to
the linear coupler modes in (C-1), we give a useful com-
mutator between the transformed number operators:
[Bˆ†Bˆ(t), Bˆ†Bˆ(t′)] = [e2λtoˆ†2oˆ2, e
2λt′ oˆ†2oˆ2]
+ eλtoˆ†2 [nˆ(t), nˆ
†(t′)]︸ ︷︷ ︸
ǫ1(t,t′)
eλt
′
oˆ2 + e
λt′ oˆ†2 [nˆ
†(t), nˆ(t′)]︸ ︷︷ ︸
−ǫ1(t,t′)
eλtoˆ2
+ nˆ†(t) [eλtoˆ2, eλt
′
oˆ†2]︸ ︷︷ ︸
ǫ2(t,t′)
nˆ(t′) + nˆ†(t′) [eλtoˆ†2, e
λt′ oˆ2]︸ ︷︷ ︸
−ǫ2(t,t′)
nˆ(t)
+ nˆ†(t)[nˆ(t), nˆ†(t′)]nˆ(t′) + nˆ†(t′)[nˆ†(t), nˆ(t′)]nˆ(t)
≡ Nˆ(t, t′), (C-2)
where the terms with the decay factor in (C-1) are ne-
glected. The above commutator is a pure noise operator
Nˆ(t, t′) because the part containing the system opera-
tors is canceled. The expectation value of the operator
Bˆ†Bˆ(t)
[(
Bˆ†(τ)
)2(
Bˆ(τ)
)2
, Bˆ(t)
]
is therefore much larger
than that of
[(
Bˆ†(τ)
)2(
Bˆ(τ)
)2
, Bˆ†Bˆ(t)
]
Bˆ(t), given a
strong input coherent light with α0 ≫ 1. The former
is in the order of α50 but the latter is proportional to α
3
0.
This relation will be used below.
With the infinite product form
UNL(t) = T e−i
∫
t
0
dτH′
NL
(τ)
= lim
n→∞
e−iH
′
NL
(tn)δt · · · e−iH′NL(t2)δte−iH′NL(t1)δt
(C-3)
of the time ordered exponential, where H ′NL(t) =
1/2χ(Bˆ†(τ))2(Bˆ(τ))2 and the time range τ ∈ [0, t] is di-
vided into n pieces with n → ∞, we perform the trans-
formation by the nonlinear action as follows:
aˆ(t) = U †NL(t)Aˆ(t)UNL(t) = e
iH′
NL
(t1)δt · · · eiH′NL(tn−1)δteiH′NL(tn)δtAˆ(t)e−iH′NL(tn)δte−iH′NL(tn−1)δt · · · e−iH′NL(t1)δt
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= eiH
′
NL
(t1)δt · · · eiH′NL(tn−1)δt(Aˆ(t)− iχcab(t, tn)Bˆ†(tn)Bˆ(tn)Bˆ(tn)δt)e−iH′NL(tn−1)δt · · · e−iH′NL(t1)δt
= Aˆ(t)− iχcab(t, tn)U †NL(tn, t1)Bˆ†BˆBˆ(tn)UNL(tn, t1)δt− · · · − iχcab(t, t2)U †NL(t2, t1)Bˆ†BˆBˆ(t2)UNL(t2, t1)δt
− iχcab(t, t1)Bˆ†BˆBˆ(t1)δt
= Aˆ(t)− iχ
∫ t
0
dτ1cab(t, τ1)U
†
NL(τ1)Bˆ
†(τ1)Bˆ(τ1)Bˆ(τ1)UNL(τ1). (C-4)
The infinite sum (n→∞) after the second last equality
sign of the above equation is equivalent to the integral on
the last line, and each term in the summation is modified
by the preceding action UNL(ti, t1) = UNL(ti) (t1 = 0)
before the moment ti. In the commutator
cab(t, t
′) = [Aˆ(t), Bˆ†(t′)]
= i
η2
J
(ζ1 + ζ2)e
λt+λt′ − iη2
J
ζ2e
λ|t−t′| (C-5)
defined in the above equation, the factor ζ1 =
η21+J
2
(η1+η2)2
arises from the exponentially increasing term eλtoˆ2 in
(C-1), while the noise operator nˆ(t) defined in (C-1)
gives two terms i η2
J
ζ2e
λt+λt′ and −i η2
J
ζ2e
λ|t−t′| with
ζ2 =
κ
λ
η21−J2
(η1+η2)2
. The first one cancels the contribution
from the system operators with the relation ζ1 + ζ2 = 0.
This relation guarantees the equal-time commutation re-
lation [Aˆ(t), Aˆ†(t)] = [Bˆ(t), Bˆ†(t)] = 1 for the exact lin-
ear coupler modes in (C-1).
The integral in the second term on the last line of (C-4)
can be approximated by
∫ t
0
dτ1cab(t, τ1)Bˆ
†(τ1)Bˆ(τ1)U
†
NL(τ1)Bˆ(τ1)UNL(τ1),
i.e. the operator Bˆ†Bˆ(τ1) and the action UNL(τ1) are
approximately commutative. As we have discussed fol-
lowing Eq. (C-2), for a strong input coherent light, the
result from the further nonlinear action on the trans-
formed number operator Bˆ†Bˆ(τ1) contributes to a neg-
ligible expectation value on the same order of the Kerr
coefficient χ, as compared with the integral in the above.
Then the evolved mode will be expanded to all orders of
the Kerr coefficient χ as follows:
aˆ(t) = Aˆ(t)− iχ
∫ t
0
dτ1cab(t, τ1)Bˆ
†(τ1)Bˆ(τ1)U
†
NL(τ1, 0)Bˆ(τ1)UNL(τ1, 0)
= Aˆ(t)− iχ
∫ t
0
dτ1cab(t, τ1)Bˆ
†BˆBˆ(τ1) + (−iχ)2
∫ t
0
dτ1cab(t, τ1)Bˆ
†Bˆ(τ1)
∫ τ1
0
dτ2cbb(τ1, τ2)Bˆ
†BˆBˆ(τ2) + · · ·
+ (−iχ)n
∫ t
0
dτ1cab(t, τ1)Bˆ
†Bˆ(τ1)
∫ τ1
0
dτ2cbb(τ1, τ2)Bˆ
†Bˆ(τ2) · · ·
∫ τn−1
0
dτncbb(τn−1, τn)Bˆ†BˆBˆ(τn) + · · ·
(C-6)
After neglecting the decay terms in (C-1), the commuta-
tor cbb(t, t
′) = [Bˆ(t), Bˆ†(t′)] has the relation cab(t, t′) =
i η2
J
cbb(t, t
′), and
[Bˆ(τi), Bˆ
†(τi+1)] = −ζ2eλ|τi−τi+1| = −ζ2eλ(τi−τi+1) (C-7)
because τi > τi+1 (1 ≤ i <∞) for each term cbb(τi, τi+1)
of (C-6). Plugging these commutators cab and cbb into
(C-6) reduces the evolved mode to
aˆ(t) = i
η2
J
Bˆ(t) + i
η2
J
(
T eiζ2χ
∫
t
0
dτBˆ†Bˆ(τ) − I
)
Bˆ(t)
+
∞∑
n=1
(iζ2χ)
n
∫ t
0
dτ1Bˆ
†Bˆ(τ1)
∫ τ1
0
dτ2Bˆ
†Bˆ(t2) · · ·
×
∫ τn−1
0
dτnBˆ
†Bˆ(τn)νˆ(t, τn), (C-8)
where νˆ(t, τn) =
√
2κ
∫ τn
t
dt′eλ(t−t
′)nˆ2(t
′). In deriving
the above result the exponential factor eλt in the first
commutator cab(t, τ1) of each term (except for the first
one) on the right side of (C-6) is moved to the most right
operator Bˆ(τn). With the noise operator νˆ(t, τn) in each
term to compensate for the change of the integral range
for the noise part of Bˆ(τn) [see the form of the corre-
sponding noise component in (C-1)], part of the summa-
tion in (C-6) can be reduced to T eiζ2χ
∫
t
0
dτBˆ†Bˆ(τ)
Bˆ(t),
the form of the evolved linear coupler mode Bˆ(t) with
a time-ordered exponential as the prefactor, giving the
evolved mode in Eq. (12) of the main text. The other
evolved mode operator bˆ(t) is obtained in the same way.
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Appendix D: Waveguide mode evolution under the
non-Hermitian effective Hamiltonian
The evolved waveguide modes under the effective
Hamiltonian (15) plus the Kerr nonlinear Hamiltonian
can be found as follows. Replacing U †L(t) in (B-3) by
U−1PT (t) = e
iHPT t of the non-Hermitian Hamiltonian in
(15), we will also have the similar expansion for the non-
unitary action
Ueff (t) = T e−i
∫
t
0
dτ(HPT+HNL)
= UPT (t)
{
I − i
∫ t
0
ds1U
−1
PT (s1)HNLUPT (s1)
−
∫ t
0
ds1U
−1
PT (s1)HNLUPT (s1)
∫ s1
0
ds2U
−1
PT (s2)HNL
× UPT (s2) + · · ·
}
= e−iHPT t T e−i
∫
t
0
dτU
−1
PT
(τ)HNLUPT (τ). (D-1)
The waveguide modes evolve under the first factor on the
last line of the above equation to
Aˆ0(t) = −ie−λt η1
J
(i
J
η1 + η2
aˆ+
η2
η1 + η2
bˆ)
+ ieλt
η2
J
(−i J
η1 + η2
aˆ+
η1
η1 + η2
bˆ),
Bˆ0(t) = e
−λt(i
J
η1 + η2
aˆ+
η2
η1 + η2
bˆ)
+ eλt(−i J
η1 + η2
aˆ+
η1
η1 + η2
bˆ), (D-2)
where the coefficients λ, η1 and η2 are the
same as in (C-1). The transformed Hamiltonian
U−1PT (τ)HNLUPT (τ) in the second factor of (D-1) be-
comes a non-perturbative term with a real number λ
when κ > J .
Since the Hamiltonian H ′′NL(t) = U
−1
PT (t)HNLUPT (t)
is commutative at the different time after neglecting the
exponentially decaying terms in (D-2), the action of the
second factor in (D-1) is found as the expansion
e
i
∫
t
0
dτU
−1
PT
(τ)HNLUPT (τ)Aˆ0(t)e
−i
∫
t
0
dτU
−1
PT
(τ)HNLUPT (τ)
= Aˆ0(t) + [i
∫ t
0
dt1H
′′
NL(t1), Aˆ0(t)] +
1
2!
[i
∫ t
0
dt2H
′′
NL(t2), [i
∫ t
0
dt1H
′′
NL(t1), Aˆ0(t)]] + · · ·
= Aˆ0(t) +
∞∑
n=1
1
n!
(−i)n
∫ t
0
dt1χc˜ab(t, t1)Bˆ
†
0(t1)Bˆ0(t1) · · ·
∫ t
0
dtnc˜bb(tn−1, tn)χBˆ
†
0(tn)Bˆ0(tn)Bˆ0(tn), (D-3)
where
c˜ab(t, t
′) = [Aˆ0(t), Bˆ
†
0(t
′)] = i
η2
J
ζ1e
λt+λt′ (D-4)
is the commutator of the linear coupler modes without
quantum noise effects, and c˜ab(t, t
′) = i η2
J
c˜bb(t, t
′). With
the above results one will obtain the evolved mode
U−1eff (t)aˆUeff (t) = i
η2
J
Bˆ0(t)
+ i
η2
J
∞∑
n=1
(−i)n
n!
ζn1
(
χ
∫ t
0
dτe2λτ Bˆ†0Bˆ0(τ)
)n
Bˆ0(t)
= i
η2
J
e
−iχζ1
∫
t
0
e2λτ Bˆ
†
0
Bˆ0(τ)Bˆ0(t) (D-5)
under the action Ueff (t) of the non-Hermitian Hamilto-
nian. The absence of the quantum noises leads to a to-
tally different solution to the evolved waveguide modes.
Appendix E: Generalization to the multi-mode light
fields
In this appendix we present a brief discussion about
the generalization to multi-mode light fields. Without
loss of generality we consider the light fields in one di-
mension, i.e, the transverse sizes of the waveguides are
negligible. The waveguide modes are then generalized to
the multi-mode field operators with the correspondences
aˆ → Ψˆa(z, t) and bˆ → Ψˆb(z, t), which satisfy the equal
time commutation relation [Ψˆc(z), Ψˆ
†
c(z
′)] = δ(z − z′)
for c = a, b. Here we only consider the Kerr nonlinear-
ity of non-instantaneous action discussed in [62], and the
quantum field theoretic approach to the instantaneously
acting Kerr nonlinearity is similar to those in [57–59, 61].
Following the notations in [62], we have the dynamical
equations corresponding to Eq. (1) as follows:
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i
∂
∂z
Ψˆa(z, t) = iκΨˆa(z, t) + JΨˆb(z, t) + i
√
2κξˆ†a(z, t),
i
∂
∂z
Ψˆb(z, t) = −iκΨˆb(z, t) + JΨˆa(z, t) + χ
∫
dτh(t− τ)Ψˆ†b(z, τ)Ψˆb(z, τ)Ψˆb(z, t) + mˆ(z, t)Ψˆb(z, t) + i
√
2κξˆb(z, t).
(E-1)
Here the non-instantaneous Kerr nonlinearity with the
response function h(t − τ) necessitates the introduction
of the phase noise operator mˆ(z, t) for preserving the
proper quantum commutation relations. For this type
of problem involving a non-instantaneous response func-
tion h(t−τ) it is convenient to replace the evolution along
the time axis with that in the wave propagation direction
along the z axis [62], i.e, to see how the continuous-time
field operator Ψˆc(0, t) at a starting point on the waveg-
uides evolves to the light field operator Ψˆc(L, t) of a cer-
tain distance L from the origin. Then, in the above dy-
namical equations containing the derivative with respect
to z, one has the corresponding conversion of the dimen-
sion for the parameters κ, J and χ by absorbing the other
quantities such as the group velocity vg in them. The evo-
lution operator along the z axis for the process should be
a path ordered exponential, which is defined in a simi-
lar way to a time ordered exponential. In this practice
it is also more convenient to work with the field opera-
tor Ψˆc(τ) with the co-moving time variable τ = t− z/vg,
which satisfies the continuous-time commutation relation
[Ψˆc(τ), Ψˆ
†
c(τ
′)] = δ(τ − τ ′) (see [62]).
The procedure in the two previous appendices is also
applicable to the current situation. The linear combi-
nation operator Ξˆ1(2)(z, t) inside the evolved field oper-
ators under the linear action [assuming χ = 0 and ne-
glecting the phase noise in (E-1)] takes the same form
as the corresponding one oˆ1(2) in Eq. (7) of the main
text, except that the single-mode operators are replaced
by the light field operators Ψˆa(z, t) and Ψˆb(z, t). The ex-
ponentials e±λt in (7) should be changed to e±kz, where
the wave vector k is a function of λ, since the evolution
is along the propagation direction now. There are also
the corresponding changes for the noise part of the lin-
early evolved field operators. The field operators in the
factorized nonlinear action corresponding to (C-3) are
transformed accordingly, so that the similar procedures
to those in Eqs. (C-4) and (C-6) lead to the completely
evolved field operators. The difference here is that the
commutators between the linearly evolved field opera-
tors should be changed to cab(z, z
′) and cbb(z, z′) with
the spatial variables.
Throughout the whole above mention procedure simi-
lar to that for the single-mode description, the main term
in the expectation value 〈Ψˆb(L, t)〉 of an evolved field op-
erator, which corresponds to the main term in Eq. (13),
becomes
〈
αt
∣∣eiζ2χ∫ L0 dze2kz ∫ dτh(t−τ)Ξˆ†2Ξˆ2(τ)ekLΞˆ2(t)∣∣αt〉
×eiζ2χ
∫
L
0
dz
∫
dτh(t−τ)σ(z)
Tr
{
ρme
i
∫
L
0
dzmˆ(z,t)}
.(E-2)
The multi-mode coherent state |αt〉 in the above equation
is the action
e
∫
dt′α(t′)Ψˆ†
a
(t′)−
∫
dt′α∗(t′)Ψˆa(t
′)|0〉 =
∏
ω
|α(ω)〉 (E-3)
of a multi-mode displacement operator on a joint vacuum
state (the corresponding construction with the spatial
distribution is given in [58]), and also takes the form of
infinite product of coherent states |α(ω)〉 with α(ω) being
the Fourier transform of the function α(t). The last fac-
tor in (E-2) is the expectation value of the noise induced
phase with respect to the state ρm of reservoir giving rise
to the phase noise, which can be found with the phase
noise correlation function in [62]. The light field oper-
ators in the above equations carry the co-moving time
variable. The first factor in (E-2) is proportional to the
overlap between the transformed multi-mode coherent
state e
iζ2χ
∫
L
0
dze2kz
∫
dτh(t−τ)Ξˆ†
2
Ξˆ2(τ)|αt〉a|0〉b and the in-
put multi-mode coherent state |αt〉|0〉b, and it contains
an exponentially accelerating oscillation with respect to
the variable kz. Hence there are the similar behaviors of
the multi-mode mean quadratures and other quantities
to those in the single-mode description.
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